With the great advances in ancient DNA extraction, population genetics 
Introduction
occurring. The formulation of the model states that every locus is bi-allelic, 92 and the number of loci is fixed. As a consequence, the mutation model is a 93 reversible mutation model with probability m ∞ , and m i >> m ∞ . Random 94 sampling of step 3 is represented by a random change in the allele frequency 95 (k), with E[ (k)] = 0, and E[ (k) 2 ] = p(k)(1 − p(k))/2N e , where N e is the 96 effective population size of a deme (Wright, 1940; Kimura and Crow, 1963) .
97
Our interest is in the changes in allele frequency in one generation. We (1) To simplify the notation, we define the operators S and L,
so that,
The quantity of interest in this model is the correlation of allele frequen-104 cies between two demes at locations k 1 and k 2 . Let r(k) be the correlation 105 coefficient of allele frequencies between populations that are k steps apart.
106
Assuming equilibrium, we have
where ρ(k) is the covariance in frequencies in demes k steps apart. The 
where C is the normalizing constant. 
This simple formula conveys the important idea that in one dimension, the 114 correlation of allele frequencies between populations decays exponentially 115 with distance. In the 2-Dimensional and 3-Dimensional cases, the cor-
116
relation function is more difficult to approximate. Using modified Bessel 117 function, it is shown that correlation at a given distance is lower in these 118 cases than in the 1-Dimensional case (Weiss and Kimura, 1965) . demes separated by k steps and t generations. We denote the coordinates of 125 these demes by (k 1 , t 1 ) and (k 2 , t 2 ), and the deviations in allele frequencies 126p (k 1 ) (t 1 ) andp(k 2 ) (t 2 ) . Since we assume the distribution of allele frequencies 127 is stationary in both time (equilibrium distribution) and space (all migration 128 rates are equal), we can consider these coordinates to be (0, 0) and (k, t) with 129 no loss of generality. Following previous notation
To characterize the evolution of the covariance between allele frequencies 131 with respect to time t, we iteratively apply the operator L defined in equation
132
(3). This operation describes the potential trajectories of an allele, and 133 results in a quantity similar to a propagator. This process leads to
with ρ(k) = ρ(k, 0) (see Appendix A).
135
Let r(k, t) be the correlation between allele frequencies of two demes 136 separated by k steps and t generations, equations (5) and (9), combined 137 with the general formula of equation (6) gives 
and the constant C is set such that r(0, 0) = 1 (Appendix B).
139
This equation reduces to 140 r(k, t) = C 2π
in the standard stepping-stone model, where demes only exchange migrants with their closest neighbors at rate m 1 /2. An exact formula for this integral
142
can be calculated and is notable for its size and lack of utility (Appendix 143 C).
144
One noteworthy feature of equation (10) 3.2 Two dimensions and more.
158
So far, we have focused on the 1-Dimensional case for the sake of simplicity.
159
However, it is important to investigate the decay in higher dimensions as it work on the stepping-stone model, Kimura and Weiss derived a general for-164 mula for the correlation that can be extended to any number of dimensions.
165
In their work they only gave approximations for 1, 2 or 3 dimensions as these 166 are the practical cases. Using general formula (3.11) of Weiss and Kimura
167
(1965), we can write the correlation 10 in 2 dimensions
(12) The generalization to obtain the correlation in n dimensions is straight-169 forward (Appendix D).
170
We perform a numerical integration of equation (12) to investigate the 171 decay of correlation with distance and time in one dimension and higher. and mutation rates the correlation decrease is much larger with respect to 175 time and geography in higher dimension models, consistently with previous 176 results (Maruyama, 1970a (Maruyama, , 1971a . Numerical integration is done using the 177 R package cubature. When considering realistic examples, a finite number of demes is present in 180 the data. As a consequence, correlation patterns are affected by the prox-181 imity of the edge of the sampling scheme (Maruyama, 1970b 
where N e is the effective population size per deme, m the migration rate when considering population away from the edges (Maruyama, 1971a,b part has already been described, and the expectation is given in equation
246
(13) (Slatkin, 1991) . The expected coalescence time between A 1 and A 2 is 247 then written
The variable T A 1 at time t, given position k 1 at time 0. Using 252 this probability distribution we rewrite the expectation (14) as
To describe the probability distribution of position k
that a gene is in population k 1 at time 0, we consider a random walk with
Using standard results about Markov chains (Ross et al., 1996) , we know 257 that the vector of probabilities for the position at time t, P k
is expressed 258 such as
with P k 1 is the initial probability distribution of gene A 1 's position. The 260 initial probability distribution is trivial and P k 1 is a vector of 0 with a 1 261 in the k th 1 entry. Exact formula for this matrix power can be obtained 262 using tridiagonal matrix properties (Al-Hassan, 2012). However we can also 263 express an approximation for the probability distribution of this process 264 at time t. This random process is symmetrical, centered in k 1 , and using
265
classical results about Brownian motion, has a variance proportional to t.
266
We can approximate the probability distribution by a Normal distribution,
267
and 268 P (k
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(19) Coalescence time between genes is an increasing function of distance 
Coalescence times in two dimensions

283
In the case of a 2-Dimensional habitat with n d1 × n d2 demes, the expected 284 coalescence time between two genes A 1 and A 2 is
where S(i, j) is a function of i and j, the number of demes between the two 286 genes. We assume in this case that the migration in each direction is the 287 same.
288
Using the same conditioning as in equation (14), we can derive the ex-
289
pectation for the coalescence time of genes A 1 in population k 1 and A 2 in 290 population k 2 , t generations in the past. We have
The probability distribution of the position of gene A 1 at time t, k remains true when t is positive (Slatkin, 1993) . The copyright holder for this preprint (which was not . http://dx.doi.org/10.1101/024133 doi: bioRxiv preprint first posted online Aug. 7, 2015;  from the same deme. Instead, ancient samples move towards the center of 330 the first and second principal components.
331
Using 100 demes from a 1-Dimensional simulation described above, we 332 apply PCA to the allele frequencies at the 6000 simulated loci. To remove 333 the edge effect, we simulate 200 demes, and consider only the 100 demes in 334 the center. We also include allele frequencies from past generations for sev- between samples can be approximated by a linear function of time.
403
The connection between IBDT theory and PCA is of interest as it gives 
440
A stepping-stone model is not the only model to describe spatial popula-441 tion structure. As an alternative to discrete models, continuous models can 442 also be considered to study evolutionary processes (Maruyama, 1972 ; Bar- 
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In the case where the demes are also separated by t units of time, we define
and in the particular case of t = 1,
457
By induction, we show that for any value of t > 0
Let's assume that for a time t > 0 equation (24) is true,
460
Then to obtain the correlation of allele frequencies r(k, t) between two 461 demes, we have ρ(0, 0) = ρ(0) and
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It is now demonstrated that
where for the convenience of the notation we denote
In the particular case of t = 1 we have
Now assuming that formula (26) holds for any value t > 0, we have We can conclude by induction that formula (26) is true for any positive t.
475
Then, using equation (26), a general formula for r(k, t) can be expressed
Constant C is set such that r(0, 0) = 1. We do not analytically inves-477 tigate this constant, however details about the case t = 0 can be found in Let's assume the particular stepping-stone model:
. Now the correlation between 2 demes k steps appart and t generations is
The fraction can be decomposed in two parts r(k, t) = C/(2π)(A 1 (k, t) + A 2 (k, t)) using partial fraction expansion, where
. Let α = (1 − m 1 − m ∞ )/m 1 , we can expand A 1 and A 2 ,
To get rid of the integral, we can use the fact that 
484
This leads us to the expressions for A 1 and A 2 ,
The 2-Dimensional case of the analysis can be detailed by changing the operators L and S. We note the cartesian coordinates of each deme with the couple (i 1 , i 2 ), and we define the operators S 1 and S 2 such as
The operator L in two dimensions becomes
where m i 1 i 2 is the migration rate between demes separated by i 1 and i 2 steps. The correlation in 2 dimensions can be written using the spectral decomposition and for two demes we have
for two populations that are separated by k 1 and k 2 steps at the same generation. Using the same trigonometric properties as in appendix B, we have
and m 00 = (1 − i 1 i 2 m i 1 i 2 − m ∞ ). As a consequence, the correlation of allele frequencies in 2 dimensions between two populations separated by k 1 and k 2 steps, and t generations is
To go further, and especially investigate the 3-Dimensional case that can be relevant in practice, it is possible to extend the calculations in ndimensional models, where two populations are separated by t generations and a vector of steps (k 1 , . . . k n ). Redefining the operators S and L, we can show that the correlation is 
495
In the practical case we consider several present time demes 1 . . . n p ,
496
and one ancient deme. The expectation of ∆ has to be conditioned by the 497 probability that A 1 is in a given present population k 1 .
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